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5-2a 
Expressions below are given in ℝ3. Analogous expressions exist for functions in ℝ2 by simply 
leaving off the 𝑧- or 𝐤-component 

• Line integral of a scalar function 𝑓 with respect to arc length: over a curve 𝐶 
parameterized by 𝐫(𝑡) = 〈𝑥(𝑡), 𝑦(𝑡), 𝑧(𝑡)〉 

o ∫ 𝑓(𝑥, 𝑦, 𝑧) 𝑑𝑠
𝐶

= ∫ 𝑓(𝑥(𝑡), 𝑦(𝑡), 𝑧(𝑡))√(
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= ∫ 𝑓(𝐫(𝑡))|𝐫′(𝑡)| 𝑑𝑡
𝑏

𝑎
  

o Note that 𝑑𝑠 = |𝐫′(𝑡)| 𝑑𝑡 

• Line integral with respect to 𝑥 

o ∫ 𝑓(𝑥, 𝑦, 𝑧) 𝑑𝑥
𝐶

= ∫ 𝑓(𝑥(𝑡), 𝑦(𝑡), 𝑧(𝑡)) 𝑥′(𝑡) 𝑑𝑡
𝑏

𝑎
 (likewise for 𝑦 and 𝑧) 

Exercises: 

5-2b 
• Evaluate the line integral, where 𝐶 is the given curve. 

o ∫ 𝑥𝑒𝑦  𝑑𝑠
𝐶

,  𝐶 is the line segment from (2, 0) to (5, 4) 

 

5-2c 

o ∫ 𝑥2 𝑑𝑥 + 𝑦2 𝑑𝑦
𝐶

, 𝐶 consists of the arc of the circle 𝑥2 + 𝑦2 = 4 from (2, 0) to 

(0, 2) followed by the line segment from (0, 2) to (4, 3) 
 

5-2d 
Expressions below are given in ℝ3. Analogous expressions exist for functions in ℝ2 by simply 
leaving off the 𝑧- or 𝐤-component 

• Line integral of a vector field 𝐅(𝑥, 𝑦, 𝑧) = 𝑃𝐢 + 𝑄𝐣 + 𝑅𝐣 over a curve 𝐶 parameterized by  
𝐫(𝑡) = 〈𝑥(𝑡), 𝑦(𝑡), 𝑧(𝑡)〉 

o ∫ 𝐅 ∙ 𝑑𝐫
𝐶

= ∫ 𝐅(𝐫(𝑡)) ∙ 𝐫′(𝑡) 𝑑𝑡
𝐶

= ∫ 𝐅 ∙ 𝐓 𝑑𝑠
𝐶

= ∫ 𝑃 𝑑𝑥 + 𝑄 𝑑𝑦 + 𝑅 𝑑𝑧
𝐶

  

o (This really means ∫ 𝑃 𝑑𝑥 + ∫ 𝑄 𝑑𝑦
𝐶𝐶

+ ∫ 𝑅 𝑑𝑧
𝐶

)  

o Note that 𝑑𝐫 = 𝐫′(𝑡)𝑑𝑡 
o Also note that we generally parameterize 𝑃, 𝑄, and 𝑅 

• Final notes about orientation 

o ∫ 𝑓(𝑥, 𝑦, 𝑧) 𝑑𝑥
−𝐶

= − ∫ 𝑓(𝑥, 𝑦, 𝑧) 𝑑𝑥
𝐶

 (and likewise for 𝑦 and 𝑧) 

and ∫ 𝐅 ∙ 𝑑𝐫
−𝐶

= − ∫ 𝐅 ∙ 𝑑𝐫
𝐶

 

but ∫ 𝑓(𝑥, 𝑦, 𝑧) 𝑑𝑠
−𝐶

= ∫ 𝑓(𝑥, 𝑦, 𝑧) 𝑑𝑠
𝐶

 

 
 



Exercises: 

5-2e 

• Evaluate the line integral ∫ 𝐅 ∙ 𝑑𝐫
𝐶

, where 𝐶 is given by the vector function 𝐫(𝑡). 

𝐅(𝑥, 𝑦, 𝑧) = (𝑥 + 𝑦2) 𝐢 + 𝑥𝑦 𝐣 + (𝑦 + 𝑧) 𝐤, 
𝐫(𝑡) = 𝑡2 𝐢 + 𝑡3 𝐣 − 2𝑡 𝐤,  0 ≤ 𝑡 ≤ 2 

 

5-2f 
• Find the work done by the force field 𝐅(𝑥, 𝑦) = 𝑥2 𝐢 + 𝑦𝑒𝑥 𝐣 on a particle that moves 

along the parabola 𝑥 = 𝑦2 + 1 from (1, 0) to (2, 1). 
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